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Sources: https://medium.com/@Melearning /weierstrass-function-in-python-6b1e6819df3a, Wikimedia commons
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Curves in metric spaces

Suppose | C R is an interval.
A set [ C X is a curve if there is a continuous surjection v : | —T.

A set ' C X is a Lipschitz curve if 7 can be chosen to be Lipschitz.

A set [ C X is a bi-Lipschitz curve if 7 can be chosen to be bi-Lipschitz.

Tla— b| < d(v(a), (b)) < Lla— b for all a,b € I
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Bi-Lipschitz maps are nice!

If f: X — Y is bi-Lipschitz, then

X is complete if and only if Y is.

X is bounded if and only if Y is.

X and Y have the same Hausdorff dimension.

X is Ahlfors Q-regular if and only if Y is.

e X supports a p-Poincaré inequality if and only if Y does.

if X and Y are bounded and separable, then the Gromov-Hausdorff
distance between X and Y is not too large.

From the perspective of metric geometry,
a bi-Lipschitz curve I is “pretty much the same” as an interval in R.
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We'll say that Y has the bi-Lipschitz extension property for curves if, for
all L > 0, there is a constant C(L, Y) > 1 satisfying the following:

for any A C R and any L-bi-Lipschitz map f : A — Y/, there is a
C-bi-Lipschitz curve F : [inf A;sup A] = Y with F|s = .

This is not obvious even when Y = R"!
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R" has the bi-Lipschitz extension property for curves for n > 3.

This was proven as part of a project to bound singular integral operators
on sets in R”. In particular, they used it to show that certain nice sets in
R" contain “big pieces’ of bi-Lipschitz curves.

Theorem (MacManus, 1995)

R? has the bi-Lipschitz extension property for curves.



Bi-Lipschitz curve extensions in
metric spaces
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Main result

Theorem (Honeycutt—Vellis—Z, 2024)

Suppose (Y, d, 1) is a complete metric measure space that

1. is Q-Ahlfors regular for @ > 2
2. and supports a p-Poincaré inequality for some 1 < p < Q — 1.

Then Y has the bi-Lipschitz extension property for curves.

Some metric spaces satisfying these assumptions:

e Riemannian manifolds with Ricci curvature bounded below,

e orientable, n-regular, linearly locally contractible n-manifolds with n > 3,

e Carnot groups (which include Euclidean spaces and the Heisenberg group),
e certain hyperbolic buildings,

e Laakso spaces,

e certain Menger sponges.
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Why these assumptions?

We start with a set f(A) in Y which is bi-Lipschitz equivalent to A C R.
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Goal: Build curves between points that stay “far away” from f(A).

To do this, we need two ingredients:

1. The “dimension” of f(A) should be small relative to Y's.

2. We need a lot of curves to choose from.
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Ingredient 1. The “dimension” of f(A) should be small relative to Y's.
Assumption 1. Y is Q-Ahlfors regular for @ > 2.

H(B(x,r) ~ r?
forany 0 < r <diamY and x € Y
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Metric dimensions

Ingredient 1. The “dimension” of f(A) should be small relative to Y's.
Metric-based dimensions: Assouad dimension, Hausdorff dimension

Facts:

e If Y is Q-Ahlfors regular, then dima(Y) = dimy(Y) = Q.

e dimy and dimy are preserved by bi-Lipschitz maps.

J\%H .

f(A) is at most 1-dimensional within a space of dimension @ > 2!

10
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The p-modulus Mod,, is an outer measure on the set of all curve families
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Actual definition:
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Where were we?

Ingredient 2. We need a lot of curves to choose from.

More precisely, we want the p-modulus of the family of curves
connecting any two points and missing f(A) to be bounded away from 0.

How does the p-Poincaré inequality help with this?

13
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Q-Ahlfors regularity: 1(B) ~ r?
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ulg, > 1, u|g, <0, g, is an upper gradient of u

Theorem (Kallunki, Shanmugalingam (2001))

inf/g[,’du: Mod,(I)
Y JB

9r < / g? dy
JB
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If I is the family of curves connecting a ball around x to a ball around y,

Mod,(I) > d(x,y)?"

and
“most” of these curves miss f(A).

So we can always find the curve we're looking for!

27
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Theorem (Honeycutt-Vellis-Z, 2024)

Suppose (Y, d, i) is a Q-Ahlfors regular, geodesic metric measure
space supporting a p-Poincaré inequality for 1 < p < Q and suppose
f:R D> A— Y is bi-Lipschtiz.

Then, for any x,y € Y \ f(A) with d(x,y) = dist({x,y}, f(A)), there is
a curve v : [0,1] — Y from x to y such that

o length(y) < d(x,y)
e dist(y(t), f(A)) = d(x,y) for all t € [0,1].
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Proposition (Lytchak-Wenger 2020; Honeycutt-Vellis-Z 2024)
Suppose (Y, d) is a doubling, geodesic metric space.

Ifv:]0,1] = Y is a curve from x to y of diameter 1, then, for any
€ > 0 there is an L(g)-bi-Lipschitz curve i) : [0,1] — Y from x to y with

dist(n(t),~([0,1])) < e.

29



The second ingredient

The story so far:
A

Proposition (Lytchak-Wenger 2020; Honeycutt-Vellis-Z 2024)
Suppose (Y, d) is a doubling, geodesic metric space.

Ifv:]0,1] = Y is a curve from x to y of diameter 1, then, for any
€ > 0 there is an L(g)-bi-Lipschitz curve i) : [0,1] — Y from x to y with

dist(n(t),~([0,1])) < e.

29



Surprising fact

/W\j\f\

v
Lemma

Suppose (Y, d) is a geodesic metric space, f : [0,1] — Y is
L-bi-Lipschitz, and y € Y.

30



Surprising fact

/W\j\f\

.}7
Lemma
Suppose (Y, d) is a geodesic metric space, f : [0,1] — Y is
L-bi-Lipschitz, and y € Y.
If f(a) is a closest point in f([0,1]) to y,

30



Surprising fact

y

Lemma

Suppose (Y, d) is a geodesic metric space, f : [0,1] — Y is
L-bi-Lipschitz, and y € Y.

If f(a) is a closest point in f([0,1]) to y,

30



Surprising fact

Sfla)

Lemma

Suppose (Y, d) is a geodesic metric space, f : [0,1] — Y is
L-bi-Lipschitz, and y € Y.

If f(a) is a closest point in f([0,1]) to y, then the concatenation of
flj0,a) with a geodesic from f(a) to y is 2L-bi-Lipschitz.
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Assumption 2. Y supports p-Poincaré inequality for some 1 < p < @ — 1.
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Claim: The upper bound on p is sharp.
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Assumption 2. Y supports p-Poincaré inequality for some 1 < p < @ — 1.
Claim: The upper bound on p is sharp.

Suppose > 2 is an integer and P; and P, are Q-planes intersecting in
a line. Fix x on the line, and set Y = Py U P, \ B(x,1).

123

Then Y is complete, Q-Ahlfors regular, and supports a p-Poincaré
inequality for all p > Q — 1.



Define f : (—oo, —1]U{—3,2} U[1,00) = Y as follows:

f(—3) and £(3) lie in P1 and P, respectively but away from the line,
and f sends (—oo, —1] U [1,00) to the line isometrically.

P,

This map is bi-Lipschitz.
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Any extension of this curve in Y must hit the line, so it can't be injective (and
thus can’t be bi-Lipschitz).
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Define f : (—oo, —1]U{—3,2} U[1,00) = Y as follows:

f(—3) and £(3) lie in P1 and P, respectively but away from the line,
and f sends (—oo, —1] U [1,00) to the line isometrically.

P,

This map is bi-Lipschitz.

Any extension of this curve in Y must hit the line, so it can't be injective (and
thus can’t be bi-Lipschitz).

Since Y satisfies A 1., this shows that A 2. can’t be removed.
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Assumption 1. Y is Q-Ahlfors regular for Q > 2.

That is, the p-measure of any ball of radius r is comparable to Q.
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Assumption 1. Y is Q-Ahlfors regular for Q > 2.

That is, the p-measure of any ball of radius r is comparable to Q.

The infinite cylinder Y = S? x R with the length metric is not Ahlfors

regular for any Q.

)

O

)
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_——
Fix p € S? and define f : {2"},en — Y so that
f(2") = (p, (=2)").

e —
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e —
Fix p € S? and define f : {2"},en — Y so that
f(2") = (p,(=2)").
This map is bi-Lipschitz, but any continuous extension
must pass the circle S? x {0} on larger and larger
intervals [27,271]. Such a map cannot be bi-Lipschitz!
—
———
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Assumption 1. cannot be removed.
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Theorem (MacManus, 1995)

Suppose A C R and f : A— R? is bi-Lipschitz. Then there is a
bi-Lipschitz extension of f.
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Summary of sharpness

Assumption 1. Y is Q-Ahlfors regular for Q > 2.

Assumption 2. Y supports a p-Poincaré inequality for 1 < p < Q — 1.

What about the lower extreme case? i.e. @ =2and p=1

Theorem (MacManus, 1995)

Suppose A C R and f : A— R? is bi-Lipschitz. Then there is a
bi-Lipschitz extension of f.

Open question: If Y is 2-Ahlfors regular and supports a 1-Poincaré
inequality, what else must be true for it to have the bi-Lipschitz extension
property for curves?
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An application

A set is Lipschitz 1-rectifiable if it can be covered by countably many
Lipschitz curves.
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An application

A set is Lipschitz 1-rectifiable if it can be covered by countably many
Lipschitz curves.

A set is bi-Lipschitz 1-rectifiable if it can be covered by countably
many bi-Lipschitz curves.

Corollary (HVZ, 2024)

Let Y be a complete Q-Ahlfors regular metric measure space
supporting a p-Poincaré inequality for some 1 < p< Q—1. IFECY
has Assouad dimension less than 1, then E is bi-Lipschitz rectifiable.
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Thank you!

Thank youl!
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