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An example

Imagine a person standing in a room facing a given direction.

We can describe any configuration of this scenario using 3 variables:

e 2 variables for their location: y and z

e 1 variable for their direction: 6

Let's represent any such configuration as a triple (6, y, z).
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Y(p) = cos(&)g—i—sin(e)—
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An example

Y G\X

Configuration: p=(0,y, z)

Y(p) = cos(G)% + sin(@)% X(p) = =

Wherever they are, they can only move in 2 “directions.”
But they can still get to any 3 point configuration (6, y, z)!
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Define a Lie group operation s on RV, and write

RV =R™ xR™ x --- x R™.

(RV, ) is a Carnot group if

1. (x1,X2,...,xs) — (tx1, t?x2, ..., t°xs) is a group automorphism,
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PPN
[X, Y] = XY = YX = —sin(0) 5 + cos(0) 5



An example

0 0
[X,Y]=XY - YX sin(0) o + cos(0) By
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p=(0,y,2) X(p)= 2 Y(p) = cos(8) 2 +sin(6) 2
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The Heisenberg group

)1 DN
p=(0,y,2) X(p) = % Y(p) = cos(@)d3 + snn(@)(fz

Let’s reduce this to a simpler setting. Pretend 6 is close to 0.

0 0 0
cos( ) X(p) = Y(p) ~ 35 +tan(9)$

1. Rescale Y by 20 dy

2. When 6 is small, tan(0) =~ 6:



The Heisenberg group

)1 DN
p=(0,y,2) X(p) = % Y(p) = cos(@)d3 + snn(@)(fz

Let’s reduce this to a simpler setting. Pretend 6 is close to 0.

3} 0 0
1. Rescale Y by ) X(p) = 20 Y(p) = ay +tan(9)$
2. When 0 is small, tan() = 0:  X(p) = 9 Y(p) = g + 92

Ay 0z



The Heisenberg group

g
p=(0,y,2) X(p) = % Y(p) = cos(@)d3 + sm(@)(fz

Let’s reduce this to a simpler setting. Pretend 6 is close to 0.

3} 0 0
1. Rescale Y by ) X(p) = 20 Y(p) = ay +tan(9)$
2. When 0 is small, tan() =~ 0:  X(p) = 0 Y(p) = 9 + 92

90 dy 0z
3. Visualize each configuration (6,y, z) as a point p = (x,y,z) € R3.



The Heisenberg group

g
p=(0,y,2) X(p) = % Y(p) = cos(@)d3 + sm(@)(fz

Let’s reduce this to a simpler setting. Pretend 6 is close to 0.

3} 0 0
1. Rescale Y by ) X(p) = 20 Y(p) = ay +tan(9)$
2. When 0 is small, tan() =~ 0:  X(p) = 0 Y(p) = 9 + 92

90 dy 0z
3. Visualize each configuration (6,y, z) as a point p = (x,y,z) € R3.

0 0 0
X(P):afx Y(P):@"’X@
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is called the Heisenberg group H.
Click here for a visualization!

Fact: H is a Carnot group.
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The Heisenberg group

R3 with the vector fields
0 0 0

= ox Y(p) = 5= + x4

is called the Heisenberg group H.
Click here for a visualization!

Fact: H is a Carnot group. In particular,

0
X, Y] =XY =YX = =


https://szimmerman10.github.io/szimmerman10/heisenberg.html
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Motivation from physics

“The state of a quantum system is represented by
¥ € L2(R) with [[¢]2 = 1"

Born rule: The probability that the particle lies in [a, b] is fab Y.
The expected position of the particle is E[|¢[*] = [, x|v]%.
Measurables in quantum physics are represented by operators.
E.g. the position operator X is defined as X(¢)) = xv

(since E[%y] = E[|v]?]). 10
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Motivation from physics

A physicist attempts to measure the position of this particle.

The uncertainty of their measurement is the standard deviation of X:

O position *= 1/ ]E[)?i] - E[)?w]Q'

The Uncertainty Principle says

O position® momentum = ‘E [[)A<¢, ﬁw]]l # 0.

“Your talk had too much bull****” — Piotr Hajtasz
1
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Horizontal curves

0 0 0
X(p) = Ox Y(p) dy X5z
Flred

We are only allowed to move in a direction that is a /inear combination of
X(p) and Y(p).
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Horizontal curves

0 0 0
X(P)Zg Y(P)_afy X5z
Flred

We are only allowed to move in a direction that is a /inear combination of
X(p) and Y(p).

At each point p, we can only move in a plane of directions!

(Call this plane Hp the horizontal plane at p.)
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Definition

An absolutely continuous curve « : [0,1] — H is horizontal if

¥'(t) € Hy for ae. t €[0,1].

That is, 7/ (t) = aX(y(t)) + bY (v(t)).
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Horizontal curves

0 0 0
X(p) = 5= Y(p) = 8fy+xg

Fact: An absolutely continuous curve « : [0, 1] — R3 is differentiable a.e.
Definition

An absolutely continuous curve « : [0,1] — H is horizontal if

¥'(t) € Hy for ae. t €[0,1].

That is, 7/ (t) = aX(y(t)) + bY (v(t)).

If we write v = (f, g, h), then, for some a, b € R,
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0 0 0
X(p) = 5= Y(P):afy‘f‘xg

Fact: An absolutely continuous curve « : [0, 1] — R3 is differentiable a.e.
Definition

An absolutely continuous curve « : [0,1] — H is horizontal if

¥'(t) € Hy for ae. t €[0,1].

That is, 7/ (t) = aX(y(t)) + bY (v(t)).

If we write v = (f, g, h), then, for some a, b € R,
0 0 0

9 .
/ 2 T Y S
7 () 8X+g 8y+ 0z ac’)x+
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Horizontal curves

0 0 0
X(p) = 5= Y(P):afy‘f‘xg

Fact: An absolutely continuous curve « : [0, 1] — R3 is differentiable a.e.
Definition

An absolutely continuous curve « : [0,1] — H is horizontal if

¥'(t) € Hy for ae. t €[0,1].

That is, 7/ (t) = aX(y(t)) + bY (v(t)).
If we write v = (f, g, h), then, for some a, b € R,

0 0 0 0 0 0
"t) = fF1— I 1 = a— —+f—=—.
7 (®) 8X+g8y+ 0z ac’)x+b( y+ z)

13
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Horizontal curves

0 0 0] 0 0 0
") = £ 2 p Y 1Y — o2 . —
(1) 0x+g0y+h82 a[)x+b0y+bf02

Theorem

An a.c. curve vy :[0,1] — R3 is horizontal if and only if

W =g'f ae.
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Horizontal curves

0 0 0] 0 0 0
") = £ 2 p Y 1Y — o2 . —
(1) 0x+g0y+h82 a[)x+b0y+bf02

Theorem

An a.c. curve vy :[0,1] — R3 is horizontal if and only if

KW =g'f ae.
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Defining distance

Fix two points p and g in the Heisenberg group.
How long does it take to travel from p to g along a horizontal path?

In other words...
What is the length of a horizontal curve?

Well, how do we usually measure length in R3?
Definition
The Euclidean length of a curve y(t) = (f(t), g(t), h(t)) is

Irs (v :/ VF(t) )2 + H(t)2 dt
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Defining distance

Fix two points p and g in the Heisenberg group.
How long does it take to travel from p to g along a horizontal path?

In other words...
What is the length of a horizontal curve?

Well, how do we usually measure length in R3?
Definition
The Euclidean length of a curve v(t) = (f(t),

g(t), h(t)) is
Irs (v :/ VF(t) 2 + W(t)? dt = |

7'(t)| dt.

15
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1
esl) = [ (O]
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Horizontal magnitude

1
fra() = / /(1)) .

We defined the speed |7/(t)| to be \/f/(t)2 + g’(t)2 + h'(t)? because
7 (1) = F'(£)i + &' ()] + K ()k,

and the vectors 1, j, and k are the building blocks of R3.
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Horizontal length

Well, the building blocks of the Heisenberg group are X and Y.
Let’s use them to define a horizontal speed!

If v = (f, g, h) is a horizontal curve, we discovered that
Y =fX4+gY ae
Definition
Define the horizontal speed ||y of v as |[¥|y = /()% + (g')?.

Definition

The horizontal length of a horizontal curve v: [0,1] — H is

1
th() = / o
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Defining distance

The Euclidean distance
between two points is the length of
the shortest curve between them.

The Heisenberg distance
between two points is the horizontal length of
the shortest horizontal curve between them.

Is there always a shortest curve?

In other words, do geodesics always exist?

If so, what do they look like?

18
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Geodesics

Question: What is the shortest horizontal path between two points?

Fix a point (0,0, ) on the z-axis.

What is the shortest path from the origin (0,0, 0) to this point?
In R3, it's a vertical line. Why?
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Geodesics

Question: What is the shortest horizontal path between two points?

Fix a point (0,0, ) on the z-axis.

What is the shortest path from the origin (0,0, 0) to this point?
In R3, it's a vertical line. Why?

If v(t) = (f(t), g(t), h(t)) is any curve from (0,0,0) to (0,0, @), its
Euclidean length is

1 1
() = | WOlde= [ TP+ g0+ hep o
0 0
This is smallest when /(t) =0 and g’(t) = 0.
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Geodesics

What is the shortest horizontal path from (0,0,0) to (0,0, «)?
Suppose v : [0,1] — H is any horizontal curve between them.

The horizontal length of v = (f, g, h) is

)= [ Win= [ VEPT@R
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Geodesics

What is the shortest horizontal path from (0,0,0) to (0,0, «)?
Suppose v : [0,1] — H is any horizontal curve between them.

The horizontal length of v = (f, g, h) is

lu(y) = /01 1Y = /01 V()2 +(g')?

= length of the curve (f, g) in the xy-plane.

20
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1 1l
/ fg' = / h" = h(1) — h(0) = Net change in height
Jo Jo
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1 1l
/ fg' = / h = h(1) — h(0) = Net change in height = .
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1
)
0

22



Geodesics

Fact 1: /() = length of the planar curve (f, g)
Fact 2: fol fg' =«

(f,g) is a closed, planar curve. We can apply Green's Theorem!

1
/ fg' = (signed) area enclosed by (f, g)
0

22



Geodesics

Fact 1: /() = length of the planar curve (f, g)
1o

(f,g) is a closed, planar curve. We can apply Green's Theorem!

1
/ fg' = (signed) area enclosed by (f, g)
0

22



Geodesics

Fact 1: /() = length of the planar curve (f, g)
1o

(f,g) is a closed, planar curve. We can apply Green's Theorem!

1
/ fg' = (signed) area enclosed by (f, g)
0

New Fact 2: area enclosed by (f,g) = «

22



Geodesics

Fact 1: /() = length of the planar curve (f, g)
1o

(f,g) is a closed, planar curve. We can apply Green's Theorem!

1
/ fg' = (signed) area enclosed by (f, g)
0

New Fact 2: area enclosed by (f,g) = «

These facts are true for any horizontal curve from (0,0,0) to (0,0, &)!
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Understanding the Heisenberg group

In summary:

The shortest horizontal curve (f, g, h) from (0,0,0) to (0,0, a) must
satisfy two facts:
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Understanding the Heisenberg group

In summary:
The shortest horizontal curve (f, g, h) from (0,0,0) to (0,0, a) must

satisfy two facts:

1. the length of (f, g) must be minimal, and

2. (f,g) must enclose an area of «.

According to Dido (circa approximately 825 BCE),
the shortest curve in the plane that encloses area « is a circle!

Theorem

A horizontal curve from (0,0,0) to a point on the z-axis is a geodesic if
and only if its projection to the xy-plane is a circle.
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Theorem

Suppose v : [0,1] — H is Lipschitz. Then ~y is horizontal.
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Some metric analysis

Theorem

Suppose v : [0,1] — H is Lipschitz. Then ~y is horizontal.

To prove: 7' exists and lies in H, () (i.e. 73 = 7173) a.e.
“It's not hard to see” that 7] and 7% exist a.e.

Fix t € [0,1] and h > 0.
Choose a (constant H-speed) geodesic i from ~(t) to v(t + h), i.e.,

d(y(t + h),7(8)) = Lu(m) =: .

v YO y(t+h)
n
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Some metric analysis

Theorem

Suppose v : [0,1] — H is Lipschitz. Then ~y is horizontal.

To prove: 7' exists and lies in H, () (i.e. 73 = 7173) a.e.
“It's not hard to see” that 7] and 7% exist a.e.

Fix t € [0,1] and h > 0.
Choose a (constant H-speed) geodesic i from ~(t) to v(t + h), i.e.,

d(y(t + h),7(t)) = lu(n) =: €.
v YO y(t+h)

We need to show

Y3(t + h/)7 —1(t) %(t)”(t + h) — 7(t)
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Proof that v = 7,7, a.e.
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Proof that v = 7,7, a.e.

v3(t+h) — () 7l(t)w(t + h;), — 72(t)

_ 7]3(1) ; 7)3(0) o 7)1(0) -
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13(1) = 13(0)
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Proof that v = 7,7, a.e.

73(t + h/)1 — () 7l(t)w(t + h;), — 72(t)

_ 7]3(1) ; 7)3(0) o 7)1(0) -

1 1
/Ué*ﬁ/ 71 (0)75
0 0
1

i
h
1 , 1/t
= | — —_ - 0 g
h/o Uip! h/o n1(0)n5

1/t ,
< 7 In1 — n1(0)]|n5]
Jo
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Proof that v = 7,7, a.e.

v3(t+h) — () 7l(t)w(t + h) —7(t)

h

<1/'1|7 g (0)||7/|<1/1(€5) tds< Lo
=5y n—"m ]27/7.0 ~p

h

7]3(1) ; 7}3(0) o 7)1(0) -

1 1
/Ué*ﬁ/ 71 (0)75
0 0
1

i

h

1 , 1/t

h _Z 0)n’
h/o Uip! h/o n1(0)n5
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Proof that 74 = 7175 a.e.

Y3(t + h/)1 — 73(t) 7l(t)w(t + h;), — 72(t)

n5(1) —n5(0)

1 gL , 1 1 . g
< b I —m(0)[|na] < A (¢s) - tds < . 0

== d0(t+h),1(1))
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Proof that v = 7,7, a.e.

73(t + h/)1 — () 7l(t)w(t + h;), — 72(t)

— [E =) - m(0) _ m(0)=————

1/t 1/t

= ;/0 Ué*ﬁ/o m(0)n5
1/1 / 1/1 /
— [ mm— = [ m(0)n
h)o " h) 2

1t o1t ¢
<3 [ Im=mOlnal < 2 [ (bs)-Lds S ¢
J0O J0O

h
- M el ) R o
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Proof that v = 7,7, a.e.

v3(t + h) — v3(t)

_ ’Yl(t)%(t + h) — (1)
h

h

_|m(1) ; n3(0) 7]1(0)712(1) ; 772(0)‘

J

1 1
M3 — E/ 71 (0)75
0 0
1

1

h

1 , 1/t ,
=|= - 0

h/o M5 h/o m(0)n5

1t o1t ¢
—/ Im*m(o)IInzIS*/ (ts) Lds < ¢
h Jo h Jo

h
- M el ) R o

1

IA

That is, 74 exists and equals y175 a.e.
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Proof that v = 7,7, a.e.

v3(t + h) — v3(t)

2 = ()
h

h

_|m(1) ; n3(0) 7]1(0)712(1) ; 772(0)‘

J

1 1
M3 — E/ 71 (0)75
0 0
1

1
h
1 , 1/t
= | — —_ = 0 g
h/o My h/o 11(0)72

1t o1t ¢
r [ - mO)ml <5 [ @) a5
J0O J0

h
- M el ) R o

1

IA

That is, 74 exists and equals y175 a.e. O
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Thank you!! '
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